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A sin of 3 -angle sum ito sin & cos of summands

e sin(A+B+C)

=sin AcosBcosC

+ cosAsin BcosC

+ cosAcosBsinC

— sin A sin Bsin C

sinA cosB cosC

= 2cosAcosBcosC — [cosA sinB cosC

coSA cosB sinC
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A cos of 3 -angle sum ito sin & cos of summands

e cos(A+B+C)

= coSA cosBcosC

— cosAsin BsinC

— sin A cosBsinC

— sin Asin BcosC

cosA sinB sinC

= IsSinA cosB sinC| — 2sin Asin BsinC

smA sinB cosC
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A looking at the two preceding formulas for
sin(A+B+C) & cos(A+B+0O),

to pass from one to the other

interchange sin & cos

and change the sign of the RHS
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A tan of 3 - angle sum ito tan of summands

e tan(A+B+C)

tan A +tan B+ tan C — tan A tan Btan C

l-—tan Atan B—tan A tan C — tan Btan C

wh
tan A 1
numerator = 2 — 1 tan B
1 1
&
1 tan B
denominator = |tan A 1
tan A tanB
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1
1
tan C

tan C
tan C
1

— 2tan A tan Btan C



A cot of 3-angle sum ito cot of summands

e cot(A+B+C)

cot A +cotB+cotC —cotAcotBcotC

l1—cotAcotB—cotAcotC—cotBcotC

wh

numerator = 2 —

cot A
1
1

1

denominator = |cot A
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cot A

1 1
cotB 1
1 cotC
cotB cotC
1 cotC] — 2cot AcotBcotC
cotB 1




A looking at the two preceding formulas for
tan(A+B+C) & cot(A+B+C),
to pass from one to the other

interchange tan & cot
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A to write down the formula for

the tangent of the sum of finitely many angles
ito the tangents of the individual angles,
form a quotient in which

* the numerator

is the alternating sum

of the odd - numbered symmetric functions
of the tangents of the individual angles

&

e the denomnator

is the alternating sum

of the even - numbered symmetric functions

of the tangents of the individual angles

A a somewhat similar rule holds for the cotangent

but depends on the parity of the number of angles
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A product of sin & cos of 3 angles as sum

* 4sin A sin Bsin C

= —sin(A+B+C)

+sin(—A+B+C)

+sin(A—-B+C)

+sin(A+B-C)
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e 4sin Asin BcosC

= —cos(A+B+C)

+cos(—A+B+C)

+cos(A-B+C)

—cos(A+B-C)
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* 4sin A cosBsinC

= —cos(A+B+C)

+cos(—A+B+C)

—cos(A-B+C)

+cos(A+B-C)
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e 4sin A cosBcosC

= sin(A+B+C)

—sin(-A+B+C)

+sin(A—-B+C)

+sin(A+B-C)
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* 4cosAsin BsinC

= —cos(A+B+C)

—cos(-A+B+C)

+cos(A-B+C)

+cos(A+B-C)
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e 4cosAsin BcosC

= sin(A+B+C)

+sin(—A+B+C)

—sin(A-B+C)

+sin(A+B-C)
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e 4cosAcosBsinC

= sin(A+B+C)

+sin(—A+B+C)

+sin(A—-B+C)

—sin(A+B-C)
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e 4cosAcosBcosC

= cos(A+B+C)

+cos(—A+B+C)

+cos(A-B+C)

+cos(A+B-C)
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A some three - angle identities

e sSinA+sinB+sinC

A+B . B+C . C+A
S1n S1n 2

= sin(A+B+C)+4sin

e cOSA +cosB+cosC

A+B B+C C+A
cosS CoS

= —cos(A+B+C)+4cos

e tan A +tan B + tan C

sin(A+B+C)
cos AcosBcosC

= tanAtanBtanC +

e cotA+cotB+cotC

cos(A+B+C)
sin Asin BsinC

= cotAcotBcotC —
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e sin(A—B)+sin(B—C)+sin(C—A)

A-B . B-C .  C-A

= —4sin sin sin

e cos(A—B)+cos(B—C)+cos(C—-A)

A-B B-C C-A
coS cosS
2 2

= 4cos
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e sin’ (A+B+C)
+sin’ (A +B+0C)
+sin’ (A—B+0C)

+sin’ (A+B-C)
= 2—2c0s2A cos2Bcos2C

e cos’ (A+B+CO)
+cos” (~A+B+C)
+cos> (A—B+C)

+cos? (A+B-0C)
= 2+2cos2A cos2Bcos2C
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esin4 A+sin4B+sin4C
= 4sin2Asin2Bsin2C
+2sin2(A+B+C)
+8cos(A+B+C)
xsin(—A +B+C)
xsin(A—-B+C)
xsin(A+B-C)
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A some trig eqns that are true

for all angles A, B, C

such that their sum is a straight angle:
A+B+C=180°=m";

hence these formulas hold

for the angles A, B, C of any triangle
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A B C

e sSiNnA+sinB+sinC 4coszcos—cos—

A. B C

e sSinA +sinB—-sinC 4sin —sin — COS —
2 2 2

A B . C

e sSinA —smB+sinC 4sinzcos—sin—

: . . A . B . C
e —sinA+sinB+sinC = 4cos—sin—sin —

GG26-23



* coOsA+cosB+cosC = 1+4sin%singsin%

A B . C
4cos—cos—sin——1
2 2 2

® coOSA +cosB—cosC

e cOSA—-—cosB+cosC = 4cos%singcos§—l

e —cosA+cosB+cosC = 4sin%cos%cos%—l
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* sSin2A +sin2B+sin2C = 4sin Asin BsinC

e sin3A +sin 3B + sin 3C +4cos%Acos%Bcos%C =0

e sSin4A +sin4B +sin4C +4sin2Asin2Bsin2C = 0

® c0S2A +cos2B+cos2C+4cosAcosBcosC+1 =0

. cos3A+cos3B+cos3C+4sin§Asin%Bsin%C =0

e cos4A +cosd4B+cos4C+1 = 4cos2A cos2Bcos2C
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. A .. B . C
® sin— +sin — + sin —
2 2 2

= 1+4sinl(A+B)sinl(B+C)sinl(C+A)
4 4 4
A B C

® COS— +COS—+COS—
2 2 2

1 1 1
= 4cosZ(A+B)cosZ(B+C)cosZ(C+A)
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tan A+tanB+tanC = tan A tan Btan C

cotAcotB+cotBcotC+cotCcotA = 1

(cot A +cotB+cotC)? = cot® A+cot> B+cot> C+2

A B A B C
cot—+cot—+cot— = cot—cot—cot—
2 2 2 2 2 2

A B B C
tan—tan —+tan —tan—+tan—tan — = 1
2 2 2 2 2 2

( A B cf ) A » B , C
e | tan — +tan — + tan — = tan” —+tan” —+tan” —+2
2 2 2 2 2 2
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sin® A +sin° B+sin’C = 2+2cos A cosBcosC

sin2A+sin2B—sin2C = 2sin Asin BcosC

e sin® A—sin®B+sin’C = 2sin A cosBsinC

. —sin2A+sin2B+sin2C = 2cosAsinBsinC

e cos’A+cos’B+cos’C = 1—2cosAcosBcosC

e cos’A+cos?B—cos’C = 1—2sinAsinBcosC
e c0s’A—cos’B+cos’C = 1-2sinAcosBsinC

e —cos’A+cos’B+cos’C = 1-2cosAsinBsinC
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sin 2A sin 2B sin 2C

tan B + tan C tanC +tan A tan A +tan B

= 2cosAcosBcosC
. smA+snB = cot = & cyclicly
cos A +cosB 2
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Metatheorem.
e the formula F( A, B, C) is valid
—

e the formula F (A -1, B+ g, C+ g) 1s valid

& cyclicly

e the formula F(— A, 1—B, t—C) is valid
& cyclicly

e the formula F(A+m, B+ 7w, C—2m) is valid
e the formulaF(n—2A, t1—2B, 1 —2C) is valid

e the formula F(3A, 3B—m, 3C—m) is valid
& cyclicly

¢ the formula F (g — é T E T %) 1s valid

2°2 272

* ctc
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T. let
A, B, C € the angles of a triangle ABC

then
(1) considering sin A +sin B+sinC
as a function of the triangle ABC:

e <sinA +sinB+sinC < %\g

esinA +sinB+sinC = %V?

< ABCeeqA

e sin A +sin B + sin C assumes all values

in the left - open right - closed real interval

from O to %ﬁ
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(2) considering sin2A +sin2B +sin 2C
as a function of the triangle ABC:

o0 <sin2A+sin2B+sin2CS%V§

e sin2A +sin2B +sin2C = %ﬁ

< ABCeeqA

e sin2A +sin 2B + sin 2C assumes all values

in the left - open right - closed real interval

from O to %ﬁ
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(3) considering sin3A +sin3B +sin 3C

as a function of the triangle ABC:

o —2<sin3A +sin3B+sin3C < % V3

2

e sin3A +sin3B+sin3C = 0
< A =60°rB =60° or C =60°

* sin3A +sin3B +sin3C = % V3

& ABC eisos A with apex angle 140°

e sin 3A + sin 3B + sin 3C assumes all values

in the left - open right - closed real interval

from —2 to %\3
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(4) considering sin4A +sin4B +sin 4C

as a function of the triangle ABC:

3

o — > A3 < sin4A +sin4B+sin4C <=3

3
2

e sin4A +sin4 B +sin4C = %x?

& ABC €isos A with apex angle 120°

e sin4A +smmdB+sin4C = 0
< ABCertA

e sin4A +sin4 B +sin4C =—§ J3

< ABCeeq A

e sin4A +sin4B +sin 4C assumes all values

in the closed real interval

from — 3@ to Ew’?
2 2
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[0 Chebyshev polynomials

A the Chebyshev polynomials

of the first kind

=, CP1

=4n 1, (X) (ne€nonneg int var; x € real var)
=dr

* To(x) =1

* TIx)=x

* T,.n(x)=2xT, ,1(x)-T,(x)

A the Chebyshev polynomials
of the second kind
—ab CP 2

=4p U, (X) (n e nonneg int var; x € real var)

—dr
e Uy(x)=1
e U;(x)=2x

e U, »x)=2xU,,x)-U,(x)
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A relations between CP1 & CP2

e T . (x)=U_ ,1(x)—xU_,(x) (nenonneg int)

X T, (x) = T, ;1(X)
2

e U . (X)= (n € nonneg int)

1—-x
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A the general multiple - angle formulas
for the cosine & sine

ito the Chebyshev polynomials

e cosnA =T, (cosA) wh n € pos int
n

e cosnA =(-1), T,(sin A) wh n € even pos int
n—1

cosnA =(-1)  cosAU,_ _;(sinA) whn e odd pos int

sinnA=sinAU,__;(cosA) wh n € pos int

n
sinnA = (=1)2 ! cos A U, _,(sinA)  whn €even pos int

n-1

sinnA =(—1) o T,(sin A) wh n € odd pos int
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A the Chebyshev polynomials of the first kind
listed explicitly for degrees up to 10

e To(x)=1
e Ti(x)=x

e T,(x)=2x"—1

¢ Ty(x)=4x" —3x

e T,(x)=8x"—8x"+1

. T5(X)=16X5—20X3+5X

e T (x)=32x°-48x* +18x* -1

e T;(x)=64x' —112x° +56x°> —7x

e To(x)=128x%-256x° +160x* —32x* +1

e Ty(x)=256x" —576x’ +432x° —120x> +9x

e T,o(x)=512x" —1280x% +1120x° —400x* +50x* —1
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A the Chebyshev polynomials of the second kind
listed explicitly for degrees up to 10

e Uy(x)=1
e U;(x)=2x

e Uy(x)=4x*-1

e Us(x)=8x>—4x

e Uy(x)=16x"—12x% +1

e Us(x)=32x>—32x> +6x

e Ug(x)=64x°-80x"* +24x* -1

e Us(x)=128x"-192x> +80x> —8x

e Ug(x)=256x"—448x° +240x* —40x* +1

e Ug(x)=512x" —1024x" +672x° —160x> +10x

e Ujo(x)=1024x""-2304x% +1792x° =560 x* +60x* —1
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A explicit formulas for the Chebyshev polynomials
* T,(x)

=2n—1 1 X" _ n 2n—3 n-—1 Xn—2
0 n—1 1

A

2

=¥ 1k N 5n-2k- (n_k)xn—Zk
k

n—k

k
wh n € pos int

* U,(x)

_on (gjxn . 2n—2 (n I 1)Xn—Z

k=0
wh n € nonneg int
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A note on notation

* T was chosen for CP1 probably because

a transliteration of the Russian name Chebyshev
into German begins with T

cg

Tschebischeff;

there 1s no ' tee' in the Russian name

written in the Cyrillic alphabet

» U was chosen for CP2 probably because

U is the alphabetic successor to T

A bioline

Pafnuti Lvovich Chebyshev

1821-1894

Russian

algebraist, analyst, geometer, number theorist,

probabilist, applied mathematician
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A some trig inequalities

let

e X, y ereal var

* X, y have the geometric interpretation

of being angles measured in radians

then

: T
SInX < X < tan x (O<X<5)

. T
tan X < Xx < sin x (—5<X<0)

. %<%<1 (—E<X<E&X;’—'O)
T X 2 2
e cosx< r<] (-t<x<n & x#0)
X
°E|limsmx =1
x—0 X
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e the Aristarchus inequalities

sinXx X tanx T
—<—< (O<y<x<—)
siny y tany 2

A bioline

Aristarchus of Samos

ca310- ca230 BCE

Greek

mathematician, astronomer;

first to maintain that

the Earth rotates & revolves around the Sun

& to calculate (by correct geometric argument)

the sizes & distances of the Sun & the Moon,

the results being the best of the time

but inaccurate because more exact numerical observations
were not possible then;

found a more precise value for the length of the solar year;
a lunar crater is named in his honor,

a peak 1in its center being the brightest formation on the Moon
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